COHOMOLOGY MOD 3 OF THE CLASSIFYING SPACE OF THE 
EXCEPTIONAL LIE GROUP E 6 , II : THE WEYL GROUP 

INVARIANTS 



MAMORU MIMURA, YURIKO SAMBE, AND MICHISHIGE TEZUKA 



Abstract. We calculate the Weyl group invariants with respect to a maximal torus of 
the exceptional Lie group Eq. 

2010 Mathematics Subject Classification. 55R35, 55R40, 55T20 
Key words and phrases, exceptional Lie group, Weyl group 

1. Introduction. 
The present paper is a sequel to [MST3j . 

Let Eq be the compact, simply connected, exceptional Lie group of rank 6, T its maximal 
torus, BX the classifying space of X for X = E e or T, and W(E e ) the Weyl group 
which acts on H*(BT;I*), and hence on H*(BT]Z* 3 ), as usual. As is well known, the 
invariant subalgebra H*(BT;Z 3 ) w ^ E(i ^ contains the image of the homomorphism Bi* : 
H*(BE e ; Z 3 ) — >■ H*(BT; Z 3 ). 

The Rothenberg-Steenrod spectral sequence {E r (X), d r } for X a compact associative H 
-space has 

E 2 (X) = Cotor j4 (Z p ,Z p ) with A = H*(X;Z P ), 
E^X) = GrH*{BX;Z p ) 

where p is a prime number. 

The E 2 -term Cotor^(Z p , Z p ) for X = Eg and p = 3 is calculated in |MSj (see also 
[MST3]). In this series of papers, it will be shown that the spectral sequence associated 
with Eq collapses and the ring structure of H*{BEq\'L^) will be determined (cf. |KM] 
where some of the ring structure of H*(BE e ; Z 3 ) was determined). 

The present paper is organized as follows. In Section 2, the action of the Weyl group 
W(Eq) on H*(BT; Z 3 ) will be described in terms of some generators of H*(BT; Z 3 ). From 
this, 6 elements in H*(BT; TL^^ E( ^ are immediately obtained, that is, X4, xg, yw, £20, 2/22 
and |/26- In Section 3, another set S of elements in H*(BT\ Z 3 ) which is invariant as a set 
under W(E e ) is considered. The elementary symmetric functions on the elements of S are 
iy(i?6)-invariant and we find another element x^. In Section 4, it is shown firstly that 

H*(BT;Z 3 ) W ^ C Z 3 (x 4 )[x 8 ,y l0 ,x 20j y 22 ,x 36 ]. 

Then 6 more generators of H*(BT; Z^ 1 ^^ are totally determined explicitly. We prove 
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Theorem 4.13 H*(BT; 7Lj) w ^ E ^ is generated by the following thirteen elements: 



ar 4 , x 8 , 2/10, x 20 , 2/22, 2/26, ^36, ^48, x 54 , y 58 , 2/eo, 2/64, 2/76- 

We thank T. Torii for suggesting us appropriate references on Galois theory and M. Nak- 
agawa for pointing a fact stated in [5]. We also thank A. Kono for reading the manuscript 
and giving us valuable suggestions. Last but not least, we thank Prof. H. Toda for tutoring 
us the relation between the Dynkin diagram and the generators of the Weyl group. 

This paper has taken a long time to write. In fact, the results of the paper were an- 
nounced in [T]. 

2. Some invariant elements in low degrees. 

Let T C Eq be a fixed maximal torus of Eq, Vt the universal covering of T, V? the dual 
of Vt- According to Bourbaki [B], the Dynkin diagram is given as follows: 

Oi\ OJ3 «4 OJ5 CHg 
o o o o o 

where a; e for i = 1, 2, . . . , 6 are the simple roots of Eq. Let ( , ) be the invariant 
metric on the Lie algebra of Eq, Vt and Vf, normalized in such a way that 

(aj,CKj) = 2, 

(ai,cej) = — 1 if i ^ j and and cnj are connected, 
j) = otherwise. 

Let (3j be the corresponding fundamental weights: (j3j,cei) = 6ij. Let us denote by Ri 
the reflection with respect to the hyperplane aij = 0. Then 

RiWi) = Pi- ^(Qii, /3j and -KiCfy) = for i 7^ j. 
j 

Denote by U the centralizer of the torus T 1 defined by (ctj, t) = for i = 2, 3, . . . , 6 and 
t G T. Then [/ is a closed connected subgroup of maximal rank and of local type D 5 x T 1 
such that D 5 fl T 1 = Z 4 (see [V]). The Weyl groups W(E e ) and VK(Z7) are generated by 
Ri, i?2, • • • , R& and R2, ■ ■ ■ , i?6, respectively. 

Put 



(2.1) 



T"6 


= 06, 






T 5 


= ^ 6 (r 6 ) 


= Pb~ 06, 




T4 


= ^5(r 5 ) 


= 0A~ 05, 




T 3 


= Ri(u) 


= 02 + 03 ~ 




r 2 


= Rsin) 


= 01+02- 




T\ 


= Ri(r 2 ) 


= -01+02, 




X 


= 02 


= | (ti + r 2 


+ • • • + T 6 
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Then /3, are linear combinations of r/s and x as follows: 



Pi = x — Ti, 02 = x, 3 = -x + r 3 + r 4 + r 5 + r 6 

/3 4 = r 4 + r 5 + r 6> /3 5 = r 5 + r 6 , /3 6 = r 6 . 



Further we put 

£ = x — T\ and £j = r i+ i — § £ for z = 1, . . . , 5. 
Then we have 

t =Pi, 

t X = | 01 + 02 ~ 03, 
*2 = ~^01 + 02 + 03 - 04, 
£3 = — \ 0i + 04 — 05, 

ti = — \ 01 + 05 ~ 06, 
^5 = ~\ 01 + 06, 



(2.2) 



and 



(2.2)' 



01 = t, 

02 = | t + \ t\ + | £2 + \ £3 + I ^4 + I ^5; 
/?3 = I £ — I t\ + I £2 + \ ^3 + I ^4 + \ t$, 
4 = U + t 3 + t 4 + t 5 



p T l>3 T 14 T 15) 

ft =£ + £ 4 + t 5 , 

ft = | £ + £5 • 

Denote £1 + £2 + £3 + £4 + £5 by Cx- Then we have 
(2.3) ci = £1 + £ 2 + • • • + £5 = r 2 + r 3 + • • • + r 6 - |£ = 2x - |£. 

The .Reoperations are given by 

Ri R2 R3 R4 R5 Re 

t jt — ti + 5 C\ 



£1 — I £ + \ £1 + 4 Ci —£2 £ 
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^2 § £ + 5 ^i + ^2 — \ C\ —t\ £1 £3 

^ 3 § £ + ^ ^1 + ^3 — i C l ^2 £4 

£4 § ^ + \ i\ + £4 — I C\ ^3 ^5 

^ 5 § ^ + ^1 + ^5 — i c l ^4 

where the blanks indicate the trivial action. Taking coefficients in Z 3 , we have 

i?i(£) =£-(£i + ci), 
(2.4) = -*i + ci, 

J R 1 (£ i ) = ^ - (£1 + ci) for z = 2, 3, 4, 5. 

Roots or weights will be considered in the usual way (cf. [BH]) as elements of H*(T), 
H*(T; Z 3 ), H*(BT) or H*(BT; Z 3 ). Then the weights ft, . . . , ft generate H*(BT) as well 
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as H*(BT; Z 3 ) and so do the elements t,t ly . . . , t 5 : 

H*{BT;Z 3 ) = Z 3 [t,t u ...,t 5 } with t,ti,t 2 , ■ ■ ■ ,t 5 G H 2 (BT; Z 3 ). 
From now on until the end of Section 2 all coefficients are in Z 3 . 

The Weyl group ac ts on BT and hence on H*(BT; Z 3 ), and the invariant sub- 

algebra H*(BT;Z 3 ) W ^ contains the image of the homomorphism Bi* : H*(BEq, Z 3 ) — > 
H*(BT; Z 3 ) induced by the natural map Bi : BT — > BEq. The action of W(U) is the same 
as the usual action of W(SO(10)). Thus we obtain 

f2 51 Im Bi*(H*(BE 6 ; Z 3 )) C H*(BT; Z 3 ) w ^ 

C H*(BT;Z 3 ) W M = Z 3 [t,p 1 ,p 2 ,c 5 ,p 3 ,p i ) 

where c, = cr^ti, t 2 , . . . , t 5 ) and Pi = <7i{tf, t 2 ,, ■ ■ ■ , t\) are the elementary symmetric func- 
tions on ti and t 2 , respectively 

We shall determine H*(BT; Z 3 ) W ^ E& \ that is, i?i-invariant elements in Z 3 [t,pi,p 2 , Cs,p 3 ,p4] 

We obtain, from the simple relation between q's and p/s, that 



(2.6) 



c 2 = Pi - q, 

c 4 = -P2 + cf + qVi + cic 3 + pf, 

2 

C 3 C 5 — P A — c 4) 

c 3 = P3 + cf + cf c 3 - c 2 p 2 - Cic 3 pi + Cic 5 - pf + P1P2. 



5 

The equality = f] (ti — t j) gives rise to 

i=l 

= C5 — t\Ci± + tfc 3 — t\c 2 + t^Ci- 

Put 6 = ti + ci, then we have 

/ 2 7 x &5 = (-^ - cfp! - C 2 C 3 + Cip? - C1P2 + c 5 ) 

+ 6(-cJ - qpi - p? + p 2 ) + 6 2 (c? + c 3 ) - 6 3 (c 2 + Pl ). 
From (12.41) . and replacing c 2 , C4, c 3 cs, c| and b 5 by (12.61) and (12. 7p . we have 



(2.8) 



Ri(t) 


= t-b, 




Ri(b) 


= -b, 






= Cl, 




Riivi) 


= Pi, 




RM 


= P2, 




Ri(c 3 ) 


= c 3 - b(c( + pi) + b 3 , 




Ri(c 5 ) 


= c 5 + 6(pf -p 2 ) - 6 3 pi, 




Ri(ps) 


= P3 + &(-cfpi - cipf + c 3 pi + c 5 ) + 6 2 (CiPi ■ 


f p 2 ) - 6 3 cipi 


Ri(j>a) 


= p 4 + 6(-cfpi + cfp 2 + cfp 2 - c 2 c 3 pi + c 3 p 2 


- c 3 p 2 + C5P1) 



+ b 2 (-c\pi - c\p 2 ) + b 3 (c\pi - cip\ + cip 2 + c 3 pi + c 5 ) 
+ 6 4 (-c 2 pi -p 2 ). 

Thus the following three elements are clearly i?i-invariant and hence W(Eq) -invariant: 
(2.9) £4= Pi, x 8 =P2-pl, Via = c 5 - tx 8 - t 3 x 4 . 
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Put 

(2.10) hi2 = P3 + ty w — t 2 x 8 — t A x 4 and = p 4 + t 3 y w — t 4 x 8 — t 6 x 4 . 
Then we see that 

(2.11) Ri(h 12 ) = hu + d 8 x 4 and Ri(h 1G ) = h 16 - d 8 x 8 , 
where 

(2.12) da = b(-t 3 -c\- cix 4 + c 3 ) + b 2 (c\ + x 4 ) + b 3 (t - ci) - b 4 
and 

(2.13) i?!(d 8 ) = ~d 8 . 
It follows that 

Z3[t,Pi,P2,c B ,p 3 ,p 4 ] = Z 3 [t,x 4 ,x 8 ,y 10 ,h 12 ,h w ]. 

Further, we put 

(2.14) his = t{h 16 - x\) + t 3 (-h 12 + x 4 x 8 ) + t 5 x 8 - t 7 x 4 + f 
which is taken so as to satisfy 

(2.15) Ri{h 18 ) = h 18 + d 8 y 10 . 

It follows from (12. lip and (I2.15P that the following three elements are i?i-invariant and 
hence W^E^-invariant: 

3^20 = ^12^8 + ^16^4, 

(2.16) y 22 = h 12 y 10 - h 18 x 4 , 

2/26 = huyio + h 18 x 8 , 

among which holds the following relation: 

(2.17) - x 20 y w + y 22 x 8 + y 26 x 4 = 0. 
Summing up we have found the first six W(G)-invariant elements: 

x 4 , x 8 , y w , x 20 , y 22 , 2/26- 

3. The element x 36 . 

In order to obtain another .Rj-invariant element, we consider the following set S (cf. 
[TW]). Put 

(3.1) Wi = 2ri — x for i — 1,2, ...,6 

and denote by S the set 

{wi + Wj for i < j, x — Wi, —x — Wi}. 

We see that the set S is invariant as a set under the action of W(E G ). Therefore the 
elementary symmetric functions af on the 27 elements of S are invariant under the action 
of W(E e ). 
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We shall calculate 

27 

p = i + $>f = na+y) 

(3.2) j= i ves 

= n (l + Wi + Wj)- n (l + ar-^i)- II (1-x-w,) 

l<i<i<6 i<i<6 1<J<6 

and decompose the result by degree to obtain crj. 
Since we have 

x — — ci, wi = t — ci and U7j = t + ci — for z > 1 

by (13. ip . (12. ip . (I2.2p / and ( 12. 3p . the polynomial P is expressed in terms of q's and i. (The 
calculation is carried out by Mathematica and the result has 2600 terms. ) 
We have from (1ZB]) . ( jXED and (F2TT01 : 

c 2 = — cf + x 4 , 

C4 = C 4 + C1C3 + 0^X4 — ^8, 
C 5 = 1/10 + X 8 t + X 4 t 3 , 

(3.3) c| = /ii2 + t 4 X4 + t 2 x$ — ty w + X4X8 + t 3 x^c\ + tx$ci — x\c\ — x 4 c\c 3 — x%c\ 

+ ViqCi + c\ + c?c 3 , 

c 3l/l0 — ^16 + ^4 + t 4 Xg ~ t 3 UlO ~ x 1~ ^X^cf — t 3 X 4 c\ — t 3 £ 4 C 3 — t 2 X 8 C 2 — tx 8 cf 

-tx 8 c 3 + ty 10 cj - hi 2 c\ + x A x 8 c\ + x A c\ - x A c\c 3 - x 8 cic 3 - y w cf + cf. 

Rewrite P making use of (13. 3p and we find no c 3 (as well as c 2 , C4 and c 5 ) in the result P 1 

and Pi G Z 3 [ci, t, x 4 , x 8 , y w , h 12 , h 16 \. 

We use two more relations to get rid of ci's. 

Replacing c| in the equality c|?/io — c 3 • c 3 ?/io = 0, we obtain a relation: 

(3.4) /ii 6 c 3 = fx A + t 7 ^ + t 7 x 8 - t 6 y w - t 5 x 4 x 8 + t 3 h l2 x A + t 3 /ii 6 + t 3 x2x 8 

+ th 12 x 8 + tx 4 xl - ty 2 + h 12 y 10 + x 4 x s yio + t 7 x 4 c\ + t 6 x 4 c 3 + t 6 x 4 c 3 
+ t^x 4 c\ + t 5 x 8 c^ — t A x\c\ — t 4 x 4 x$Ci — t A x 4 c\ — t x^c^c^ + t 4 x 8 c 3 
+ t 4 x 8 c 3 — t 4 y w c 2 — t 3 h\ 2 c\ — t s xlc 2 — t 3 x 2 c± + t 3 x 4 X8cl — t 3 X4C 3 c 3 
+ t 3 x 8 c\ — t 3 x 8 cic 3 + t 3 cf — t 2 x A x 8 c\ — t 2 XgCi — t 2 x 8 c\ — t 2 xsclc3 

— t 2 y w c 4 + th\ 2 c\ — thiQC 2 — tx\x 8 c\ + tx^xsc 4 + ta^i/ioc 3 — tx A c\ 
+ tx A c\c 3 + tx\c\ + tx 8 yioCi - tx 8 c\ + tx 8 c 3 c 3 - tc\° - h 12 x A c\ 

+ hi 2 XgC\ + /ii2 c i + ^-12 c i c 3 — hiQX^Ci — hiQC 3 — x\c[ — X^XqC 3 

2227 2, 5 2 4 9 

— x ^VlO^i — X^C-^ — X 4 X^C\ ~r ^4^C 8 C-^ — X 4 X$C-^C 3 — -^4^/10^1 — X 4 C^ 

+ X 4 CiC 3 + XgC 3 + X 8 c[ - X 8 C 4 C 3 + ?/4 Ci - y W cl - c} 1 - C1C3, 
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Rewriting c\, c 3 y w and c 3 /ii 6 in the equality c\y\ — (c 3 j/i ) 2 = gives rise to the following 
relation. 



(3.5) cf = - t l2 x\ + t w x\ + t 10 x 4 x 8 - t 9 x 4 y 10 - t 8 ^8 + t^yio - t 7 x 8 y 10 
+ t & hi 2 x\ + t 6 hiQXi + t & x 3 A x 8 — t 6 x 4 Xg — t 6 y 2 — t X 4 X%yiQ 

- t 4 h 12 x 4 x 8 + t A h w x 8 - t A x\x\ - t A x 4 yf - t 3 h 12 x 4 y 10 - t 3 h w y 10 

- t 3 x 2 4 x 8 y w - t 3 x 2 8 y w + t 2 h 12 x 2 8 + t 2 x 4 x 3 8 - t 2 x 8 y 2 - th 12 x 8 y 10 

- tx 4 x 2 8 y 10 - ty 3 + h 12 yf - h\ G - h x& x\ + x 4 x 8 ?/i - xj - t w x\cl 

- t*x\c x + t s XiX 8 c\ — t 7 X4yioc 2 — t % h\ 2 x 4 (? x — t 6 x A c^ — t G x\c A 
+ t & x\x 8 c\ + t & x\c\ - t 6 x 4 x 8 c A + t 6 x 4 Ci - t 6 x 2 8 cl - t b x A y w c\ 

- t 5 x 8 yiocl + t A hi 2 Xic\ — t 4 hi 2 x 8 cl — t^hiex^cl + t x\x%c x — t A x\c\ 

~\~ t X 4 X 8 C X ~t~ t X 4 C^ ~t~ t X 4 X 8 C X — t X 4 XgC^ — t X 4 C-^ ~\~ t X 8 C^ — t |/^qC-^ 

- t 3 hi 2 x A x 8 Ci + t 3 h 12 y w c\ - t 3 h w x\ci + t 3 x\c\ - t 3 x\x 8 c\ + t 3 x\y w c\ 
+ t 3 x\ci + t 3 x\x 8 c\ + t 3 x\yiQc\ — t 3 x 4 XgC^ — t 3 X4X 8 yi c 2 + t 3 x 4 x 8 c[ 

+ t 3 x 4 yi ci - t 3 x A y 10 c\ + t 3 x 8 y w c 4 - t 3 y w cl + t 2 h 12 x 8 c[ - t 2 h w x 8 cl 

_ .2 2 2 2 _ .2 2 6 _ + 2 2 4 , .2 8 , + 1 2 6 _ + 1 10 

- t 2 y 2 w c{ - th 12 x 2 8 d - th 12 y w c 4 - th^x^x^ + th 16 y 10 cl + tx\x 8 c\ 

- tx\x 2 8 c\ + tx\x 8 y w c\ + tx\x 8 c\ + tx\y w c\ + tx A x 2 8 c\ + tx 4 x 8 y 10 cf 

- tx 4 y 10 cl - tx\ci + tx 2 8 c[ + txsylnC! - tx 8 y w c\ + ty 10 c\° - h 2 l2 c\ 

- h 12 h 16 cl - hi 2 x\c\ - h 12 x 4 x 8 c 4 + hi 2 x 4 c{ - hi 2 x 2 8 c\ - hi 2 x 8 y w ci 

- hi 2 x 8 c\ - h 12 c\° - h m x\c\ - hxQX^yxaCx - h l6 x 4 cl + h 1& x 8 c{ + h 1& c\ 

- x\c\ + x\x 8 c\ + x\yi c\ - xlc\° - x\x 8 y 10 c\ - x\y 2 Q c{ + xly w c[ 
+ x 4 x 3 8 c 2 + x 4 x 8 y w c\ - x 4 c} 4 + x 3 8 c\ - x 2 8 y w c\ + x 8 yl Q c\ 

+ x 8 y w c[ + x 8 c\ 2 + y 3 ci - y\ c\. 

Rewrite c\ 6 in Pi and the result P 2 has no C\ and P2 € ^[f, £4, x$, yio, hi 2 , hie]. 
The highest degree of t is 27. We use the relations obtained from (I2.14p . (12.161) and 
(I2.17P to lower the degree of t to 8 : 



(3.6) t 9 = hi 8 + t 7 x 4 — t 5 x 8 + t 3 hi 2 — t 3 x 4 x 8 — th\Q + teg, 

(3.7) hi 8 x 8 = - h 16 y 10 + y 26 , 
higXi = h 12 y w - y 22 , 
hiex 4 = — hi 2 x 8 + X20, 
y 2 e^4 = xwytQ - y 22 x 8 , 

(3.8) h 18 x 20 = h 12 y 26 - h 16 y 22 . 
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The result P 3 is as follows. 
(3.9) 

P 3 = 1 + h 12 x 4 y 26 - h X2 x\x\ + h 12 xly 10 t 3 + h 12 x 8 y 22 + h 12 x 20 x 4 - h 12 x 20 y 10 + h 2 2 x 4 x 8 
- h\ 2 - h w h 18 y 2 + h m x 8 yf - h 16 x 2 8 y 10 t 3 + h 16 xj + h 2 6 xj + h\ G - h 18 y 10 y 26 

T 3 . 3 . 3 ,fi . A A . . 9 



+ 



+ xly 26 -x%- x%x 8 t° - xlx 8 y 10 t o - x\x% - 

x 4VlO XaViq 1 i x 4Vw x^VlO 1 x aV22 

- x\x 8 y w t - x\x 8 + x\x 8 t 4 - x\y w + x\yi t 3 



- x 8 yf y 26 - x 8 yf t 8 + x 8 yf - x 8 yf t 3 - x 8 y 26 - xj - x 2 8 y w y 26 - xjy 2 - xjyf 
~ x lVw^ + x lV26 + x lV26t 3 ~ x l + x lvio + x lymt 7 + x lVw ~ x bw t2 - x t t& 

- x iVl0t 3 - xjyf +xl~ xlt A - X 20 X 4 + £20^4^! + ^20^1 - X 2 qx\x% ~ ^20^1 

+ x 20 x\t 2 - x 20 x 8 - x 2Q x 8 yl - x 20 xj - x 20 xjy 10 t - x 2Q x\ + x 20 xlt 2 - x 20 y 10 

- x 2oVw ~ x 2oVw + x 2oyl t 2 - x 20 y 22 + x 20 y 26 - x 2 - y 10 y 26 + y 2 y 22 - y 2 l0 y 2& 
~ Vva + VwV22 - yf V22t - yf + yf t 7 + y\ Q - yf t 2 + y 22 y 26 - y 2 2% 

Now we decompose P3 by degree to obtain <7j. 
The (Tj for j < 17 are as follows: 

af = for 1 < i < 5 and i = 7, 10, 11, 13, 

s 3 

<7 6 = — X 4 — X 4 X 8 , 



S 2 2 

(7g = X^X 8 Xg, 



of = -xfa/io - x 8 yio, 

j ^ &12 = ~ x 20 x 4: + x \ ~ x\x 8 + Xa^Iq — X 3 ,, 

erf 4 = a^ot^l - x 8 ) - x\x 8 - - xfyf + x 8 yf , 
&i5 = x 2qViv + V22{x\ + x 8 ) - x\y w + x 4 x|yio - 

C16 — — x 20 x l + ^42/10 > 

(jf 7 = X2oX 4 l/io + ^(^l - ^4^8) - 1/26^8 

+ xjx 8 y w - x\x 2 8 y w + x A y\ Q + x|j/i . 

The element <rf 8 is expressed as 

0-f 8 = - ^20^1^8 - ^20^8 - 2/22^42/10 - 2/262/10 ~ ^4^8 + ^4^82/w + ^4^8 

_ x lUio - h i2 + h 2 12 x 4 x 8 + /ii 2 a;20^4 - hx 2 x\x\ - t % x\x 8 + t 7 x^i 

- t & x\ + t 6 x^x 8 + t 4 x^x 8 - t 4 xlxj + t 3 h l2 x\y l0 - t 3 y 22 x\ 

+ t 3 xly w - t 3 xlx 8 y 10 + t 2 x 20 xl - t 2 x\y\^ - ty 22 x\ - txjx 8 y 10 
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which cannot be expressed in terms of the i?!-invariant elements already obtained. We put 

(3.11) #24= - t s x 8 + t 7 y 10 - t 6 xl + t 6 x 4 x 8 + t 4 xlx 8 - t 4 x 2 8 + t 3 h 18 

+ t 3 xly w - t 3 x 8 y w + t 2 x 20 - t 2 y 2 - ty 22 - tx 4 x 8 y w 

and 

(3.12) x 36 = - g 2i x\ + h\ 2 - h\ 2 x A x 8 - h 12 x 20 x A + h 12 x\x 2 8 . 
Then 

Ri{h\ 2 - h\ 2 x 4 x 8 - h^x^Xi + hi 2 x\x\) 

= {hf 2 — k 2 2 X4 1 X 8 — h\ 2 X 2 QXi k + k^X^X^) 

+ x\{d\ - d\x 8 - d 8 h 16 + d 8 xj) 

and 

(3.13) Ri(gu) = 924 + d 3 8 - d\x 8 - d 8 h 16 + d 8 x\ 

hold. The element £ 3 6 is shown to be i?i-invariant and we have 

^ 3 of 8 = - x z& + x 20 (-xlx 8 - xj) - y 22 x 4 y 10 - y 2 &y w 

— x\x\ + £4X82/10 X 4 X 8 ~ xtvio ■ 

For the sake of completeness, we list the result of for j > 18, where x 48 and £54 are the 
elements found in [MS] and will be studied in §4. 

(J 2 q = £20 X 20 X 4 X 8 + X 4 X 8 + £g £202/l0 X4% 8 y 2 Q 2/io 5 

ofi = x 20 x 4 x 8 y w + x\y\ Q + x A x 8 y\ - x 20 y 22 - x 4 x 2 8 y 22 + yf y 22 + x 2 8 y 26 , 

°22 = ~~ X 20 x 8 + ^8^10' 

a 23 = ~ x l x 8Vfo - X hl0 + X 20V26 ~ 2/f 2/26 , 

fjf 4 = £ 48 - x 20 x 8 y 2 + x 4 x 3 8 y 2 - x 2 4 yf + x 8 yf + y 22 y 2 e, 

<4 = - x 2oy 3 o + y 5 w , 

= - x tVw + x 4 x syfo + VwV22 - x \v\m% - vie, 

g 

<T 2 7 = £54- 

4. The invariant subalgebra H*(BT;Z 3 ) w( - e ^ 

Notation Let f2 be a field extension over a field k. For elements x\, ...,£„ of fi, 
we denote an algebra generated by £1, . . . , x n over k by k[xi, . . . ,x n ] and its quotient 
field by fc(xi, . . . , x n ). In this section, we note that we use the notations k[x±, . . . , x n ] and 
k(xi, . . . , £„) by the above extended meaning. 

For a field k and fi, we take Z 3 and Z 3 (t, ti, . ...,t e ) respectively. We put K = 
Z 3 (£ 4 , x 8 , Vio, x 2o, 2/22, a>36) and L = Z 3 (t, £ 4 , x 8 , y 10 , h 12 , h w ). We see K C L. 



Lemma 4.1. We have L = K(t). The extension degree [L : K] is at most 27. 
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Proof. From the definition, we see K C L and t 6 I. It means K(t) C L, where K(t) is a 
field generated by K and t in L. To show L C K(t), it is sufficient to show that h 12 G if 
Because it implies that hi% = (220 — hi 2 x 8 )/x4 G ^(^)- 

Replacing his by its defining expression (12.14p in y 2 2 = h^Uio — hisx 4 , we obtain 

(4.1) y 2 2 = (yio + tx$ + t 3 x 4 )/ii2 - t(x 2 o - x 4 Xg) - t 3 x 4 x 8 - i 5 x 4 x 8 + t 7 x\ - t 9 x 4 . 
Hence 

(4.2) (yi + tx 8 + t 3 X4)hi2 = y 22 + t(x 20 - x A x 2 8 ) + t 3 x 2 4 x 8 + t 5 x 4 x 8 - t 1 ' x\ + t 9 x 4 . 
Thus hi 2 G K(t) and so does h w . We have shown that L = K(t). 

Now we shall find a equation of t over K. 

(3.16)' = x 36 + g24£ 4 - h\ 2 + h\ 2 x^x 8 + /i^a^o^ - h^x^xl- 

Replacing g 2 4 by its defining expression (13. lip . /ii6X 4 by X20 — ^12^8 an d hi 8 x 4 by — y 22 + 
hi2Uio, we obtain a polynomial in £, x 4 , x$, y w , x 2 o, 2/22, ^36 an d ^12- Since its degree with 
respect to h X2 is 3, we multiply (13.121) ' by (y w + tx 8 + t 3 x 4 ) 3 . Then by making use of (14.21) 
we obtain a polynomial in Z 3 [t, x 4 , x 8 , yio, £20, 2/22, ^36] of degree 27 with respect to £ : 

= x 36 yf + x 20 y 22 x 4 yl + y 22 x 4 x 8 yi - y\ 2 - y 22 x\x\y\ Q + tx\x\y\ Q 

- txjxsyio + txl x 4 yf + tx 20 xjxly 2 + tx 20 y 22 x 4 x 8 yw + ty\ 2 x 4 x\ 

- ty 22 x\x\y w - ty 22 x\y\ - t 2 x 3 yf + t 2 x 20 xlyf - t 3 x\x 8 y\ 

t3 / y,4 / y,3^,2 1 -/■3^,5^,4 j.3^.2 ™ ™2 j-3^3 y-3™ ,y,2~,4 i y-3™ ..■'S zi.2 
■^■^Si/lO "r" fc x 4 i/l0 L ■ L 20 x ^ x % 1 A 20 fc J/ 20 J/ 4* ( ' 8 ~T~ fc • x '20 x 4 X 8 y iq 

- t 3 x 20 y22xlyio + t 3 x 36 xl + t 3 y\ 2 x\x 8 + t^x\x\y\ Q + t A x\x%yl Q 

- t 4 X 20 X 2 yio + t 4 X 2 oX 2 y 3 + £ 4 X2o2/222 ; 4 2 ; 8 — ^ 2/22^4^82/10 — ^ ^l^i^/io 

+ £ 5 X2o^ 4 ^ 8 — ^^^sZ/io — t 6 X42/f — £ 6 X2o^ 4 ^ 8 2/io — t 6 X2oX 4 x 8 yiQ 
+ t 6 x 20 y22xl + t 6 y 2 2X 2 4 xl - t G y 2 2xly 2 + t & y 2 2x\x 2 8 - t 7 x\xl + t 7 x\y\ 

(4.3) +t< x 4 x 8 y 4 Q t x 4 x 8 -\- 1 x 2 qX 4 -\- 1 x 2 QX 4 y 4 Q t x 2 qx 4 x 8 -\- 1 x 4 x 8 y^Q 

j.Q 4 4 j.Q 5 2 1 _lQ fi 3 1 o o 1 jQ 3 2 

- t X 4 X g — t X^^Xgf/j^g -f- I X 4 X g -+- t X20X 4 (/ 1 g T I X20X 4 X g 

+ t 9 x 2 oxlx 8 + t 9 x 36 x^ - t 9 y 22 x\x 8 y w + t 9 ?/22a;lyio - t 10 a;lx^io 

- t 10 x^^ + t 10 x|x|?/io - t w xlx 8 y w + t 10 X2 xlx 8 y w - t 10 x 2 o^!?/io 

- t w y 2 2xlx 2 + t w y 2 2x\x 8 - t 10 y 2 2^ - t ll x\y 2 + t ll x 20 xt + t 12 x 3 ?/ 3 

- t l2 x\x 2 8 yi + t 12 x|yio - t 12 x 2 ox\y w - t l2 y 22 xlx 8 - t l2 y 22 xl 

- t 13 x 3 A x 8 y\ Q + t 13 x^ 2 + t 13 xf Xg + t 13 x|x 8 + t 13 x 2 o^la;8 - t 13 x 2 o^! 

+ j-15 a ,3 /r ,3 j-15 /r ,4 /J( 2 1^ fy^J ty, ^15^y,9 1^ j-15™ ^y.4 1^ +18^.3™ 
t X 4 X g — I X 4 (/ 10 -+- t X 4 Xg —Z X 4 -+- t X20X 4 T I X 4 Xg(/io 

I +18™5„, 1 j-19™3™2 1 j.19™5™ 1 j.21™4™ 1 f21™6 y^27™3 

-+- t X 4 (/io ~T t X 4 Xg "T I X 4 Xg -|- t X 4 Xg -|- 1 x 4 — t x 4 . 

Hence we conclude [L : K] = [K(t) : K\ < 27. □ 

Corollary 4.2. Tie elements x 4 , x 8 , yi , x 2 o, 2/22, ^36 are algebraically independent over 
Z 3 . 
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Proof. Since L is an algebraic extension of K and the transcendental degree trdeg^ L of 
L is 6, we have trdeg^ if = 6. Furthermore K is generated by the 6 elements x 4 , x$, y w , 
X20, 2/22, ^36 over Z 3 . So we get Corollary 14.21 □ 



Lemma 4.3. 



L:Z 3 (Mi,t 2 ,t 3 ,*4,t 5 r (£6) 



27. 



Proof. We have the inclusions of fields 



%>3{t, ti,t 2 , t 3 , ^4, t^) w<yEe,S} C Z 3 (i, ti,t2, t 3 , t 4 , t$ 



,W(Spin(10)) 



= Z 3 (t , £4, Xg, 2/10? hl6) — L C Z 3 (t, tl, ^2, ^3, ^4, £5) 

In order to apply the Galois theory to our case, we need to show that W(Eq) acts on 
H*(BT; Z 3 ) as automorphisms, where T is the maximal torus of E§ and the quotient field 
of H*(BT; Z 3 ) is Z 3 (t, h, t 2 , t 3 , U, t s ). 

When we define H = {g G W(E e ) \ gx — x, Vx G H*(BT; Z 3 )}, if is a normal subgroup 
of W(Eq). According to [C], the Weyl group W(E 6 ) contains the simple group SUi{2) with 
index 2. Hence H is SU A (2) or {e}. Suppose H = SU 4 {2), then W{E 6 ) acts on H*{BT; Z 3 ) 
as an automorphism with the order 2. This is a contradiction from the argument of §1. 
Thus we can apply the Galois theory in our context. 

Remark. This fact, however, can be checked by appealing to Lemma 10.7.1 of [5]. Thus 
we can apply Galois theory in our context (thanks to Proposition 1.2.4 of [S]). 

As is well known [F], the order of W(E 6 ) is 2 7 • 3 4 • 5 and that of W{Spin{10)) is 2 7 • 3 • 5. 

Noting that L = K(t,t 1 ,t 2 ,t 3 ,U,t 5 ) w ^ Spin ^\ we have 

W(E 6 

L : Z 3 (t, ti, t 2 , t 3 , £4, tr,) w ^ E ^ 



W(Spin(10)) 



□ 



Lemma 4.4. K = Z 3 (t, t u t 2 , t 3 , t 4 , t 5 ) w ^ . 



Proof. From Lemma I4.1[ we have 

K c Z 3 (t,t u t 2 ,t 3 ,U,t 5 ) w ^ CL = K(t). 



Hence 



L : Z 3 (t, h, t 2 , t 3 , U, t b ) w{E6) divides [L : K]. Further we have 



[L:K}< L:Z 3 {tM,t2,t 3 ,U,h) Wm 



27 



from Lemmas O and H3J It follows that K = Z 3 (t, h,t 2 , t 3 , t 4 , U) w{E<i) . 

To state the next lemma, we use the following notation: 
Let A be a ring and S be a set. Then denote by A{s} a free A-module 

basis S. we set 

H =Z 3 [t,x 4 ,x 8 ,y 10 ,h 12 ,h 16 ), 
M = Z 3 [x A ,xg,y 10 ,x 20 ,y 22 ,x 36 \, 

M = ^[X^XT 1 ]^ 2/10,^20,2/22, x 36 \. 



□ 



A{s} with a 
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Lemma 4.5. (1) L = K{fh{ 2 | < % < 8, < j < 2}. In particular th{ 2 , < % < 8, 
< j < 2 is linearly independent over M and M. 
(2) H C M{ t l h{ 2 | < i < 8, < j < 2}. 

Proof. (1) Since K(t) is an algebraic extension of K and /ii 2 E L = K(t), we see 

L = K(t) = K[t] = K[h l2 ,t}. 

From the relation 

(14.21) ' t 9 x 4 = t 7 x\ - t 5 x A x 8 + t 3 h 12 X4 - t 3 x\x 8 + th X2 x 8 - tx 20 + tx±x\ + hi 2 y w - y 22 , 

we obtain L = K[hi 2 }{ t l | < i < 8}. At the same time, the formula (14. 2p ' asserts that t 
is integral over M[/i 12 ]. 

From (ETTTjl and fEU2j) . we have h\ 2 G A"{f^ 2 | < i < 8, < j < 2} and hence 
L = K[h 12 \{f | < i < 8} = K{tfh{ 2 | < z < 8, < j < 2}. 

On the other hand, this means that dim^ L < 27. 

From Lemmas 14.31 and 14.41 {t l h J l2 | < i < 8, < j < 2} is linear independent over K. 
Noting that quotient field of M and M is K, the last statement is clear. 

(2) First we show that Z 3 [t, x 4 , x s ,y 10 , h 12 ] G M{f/i{ 2 | < % < 8, < j < 2}. To 
prove this assertion, it is enough to show that t n , h\ 2 G M{ t l h\ 2 | < i < 8, < j < 2}. 

As is shown in the above proof, we have t n G M[/i 12 ]{ t l | < i < 8}. Next we will show 
that M[/i 12 ]{f | < z < 8} = M{fh{ 2 | < i < 8, < j < 2}. We substitute 
^16 = (^20 — hi 2 x 8 )/x4 for /ii6 in (I2.14p and obtain (recalling /ii 8 = t(/ii6 — x 8 ) + t 3 (—hi 2 + 
x 4 x 8 ) + t 5 x 8 — t 7 x 4 + t 9 ) 

(I2.14p ' /ii 8 = ^20 - h 12 x 8 )/x4 - tx\ + t 3 (-h 12 + x 4 x 8 ) + t 5 x 8 - t 7 x 4 + t 9 . 

We replace h 18 in (13. lip by the righthand side of (12.141) ' and obtain (recalling 

924 = -t 8 x 8 + t 7 y 10 - t 6 x 3 A + t 6 x 4 x 8 + t A x\x 8 - t 4 xj + t 3 h l8 + t 3 x 2 4 y 10 
-t 3 x 8 y 10 + t 2 x 20 - t 2 yf - ty 22 - tx 4 x 8 y 10 ) 

fl3TTT]) / ^ 24 = t 12 - t 10 Xi + t 7 x 4 x 8 + t 7 y 10 - t 7 h 12 - t % x\ + t 6 x 4 x 8 + t A x\x 8 + t A x\ 

+ t 4 x 20 /x 4 - t 4 h 12 x 8 / x 4 + t 3 x\yi ~ t 3 x 8 y w + t 2 x 20 - t 2 yf - ty 22 - tx±x 8 y w . 

We replace g 2 4 in (13.121) by the righthand side of (12.151) ' and obtain (recalling x 36 = 

— fi , 24 a; 4 + h\ 2 — h\ 2 X^X 8 — Hi 2 X 2 qX4 + h^X^Xg) 

h\ 2 = -t s x 3 4 x 8 + t 7 x\y w - t 6 x 6 4 + t 6 xjx 8 + t 4 x\x 8 - t A x\x\ + t 3 h 12 x 2 4 y 10 - t 3 y 22 x\ 
(4.4) +t 3 x^i - ^^l^syio + t 2 x w x\ - t 2 x\y 2 w - ty 22 x\ - txfx 8 y w 

-\-h 2 2 X4X 8 + h\ 2 X 2 QX4 — h\ 2 X 2 Xg + X36- 

From d32D' and (03J, when we note that t n G M{ t\ h 12 t \ < i < 8} for n = 10, 12, 
we have h\ 2 G M{ th[ 2 \ < % < 8, < j < 2}. 

M[/ii 2 ]{f | < i < 8} = M{ fh{ 2 | < i < 8, < j < 2}. 

□ 
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Theorem 4.6. H*(BT; Z 3 ) w ^ = H n M . 

Proof. From Lemma H3J we have H*(BT; Z 3 ) w ^ =HnK. 
Using Lemma [4.51 (2). we see 

H n K C M{ fh{ 2 | < % < 8, < j < 2} n K. 

We note that K is the quotient field of M and that {t* h{ 2 | < % < 8, < j < 2} is 
linear independent over M and if from Lemma [4.51 (1). Hence we get 

M{ fh{ 2 | < i < 8, < j < 2} n K = M. 

This implies that H*(BT; Z 3 ) w ^ C H DM. 

On the hand, we see that Hf)M C Hf)K = H*(BT; Z 3 ) w[ - E ^ . So we have proved the 
theorem. □ 

We state the main theorem in this section, that is, H*(BT; Z 3 ) W( * E ^ is generated by the 
thirteen elements: 

XA, X 8 , 2/10, %20, 2/22, 2/26, ^36, ^48, ^54, 2/58, 2/60, 2/64, 2/76- 

These elements except £4, x 8 , 2/10, ^36 are defined in H fl M as follows: 

^20 = ^12^8 + h\QX4, 
2/22 = /1122/10 - ^18^4, 

2/26 = (^202/10 - y22X 8 )/x 4 = ^162/10 + ^18^8, 

(4.5) X48 = (— X36Xg + X 2Q + X 2Q X 4 xl + X20^4^g)/ a '4 

= /i? 6 + fi^s + h 16 xl + g 24 x 3 8 , 

(4.6) X 54 = (X 3 62/10 - 2/22 + ^202/22^42/10 + 2/22 3; 4a;82/l0 - 2/22^82/10 )l x l 

= h 3 18 - h 16 h ls yl + h 2 18 x 8 y w + h 18 x 2 8 yf - g 24 y 3 , 

(4.7) j/58 = (x 36 x 2 8 y 10 - x 2 20 y 22 )/x 4 

= (h 2 w h 18 - h 2 w x 8 y 10 - h 16 xly w - g 24 x 2 8 y w + 2/26^3)^4 
+ (h 2 w y 22 + h 16 h 18 x 20 + x 20 y 26 x 8 + y 22 x^)x 4 
+ (h 16 x 20 y 22 + h 18 xj + x 20 y 22 x 2 8 ), 

(4.8) ?/ 6 4 = (2/582/10 - ^202/222/26 ~ yl 2 xl)/x 4 

= (x 36 x 2 8 yf + xj y 22 y w + x 2Q y 2 22 x 8 - y 2 22 x 4 x 3 8 ) j x\ 

= (h 2 16 h 18 y w - h 2 w x 8 yf + h 16 h 18 y 26 - hi % x\yl Q - g 24 x 2 8 y 2 )x 4 

+ (2/26 x 8 + 2/2ea;82/io)a;4 + (hi 6 y 22 y 26 + h 18 x 20 y 26 

- 2/222/26^8 +2/22^82/10 ), 

(4.9) j/6o = (x 36 x 8 yj - x 20 yl 2 )/x 4 



= (-h w h l8 - h l6 y w - h 16 x 8 y 10 - g 24 x 8 y l0 + y 26 + x 8 y w y 26 ) 
+ {h m hi 8 y 22 + h 2 l8 x 20 - y 22 y 2 %x 8 + y 22 x\y w )x 4 



X 1 
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+ {-hwyl 2 - h 18 x 20 y22 + yl 2 x t)- 

(4.10) y 76 = (t/58^/22 + 2/60^20 + X 20 y 22 xl)/x 4 

= (^36^20^82/10 + ^362/22^2/10 + ^2o2/22 + x 2Q y\ 2 X 4 X 2 % ) j x\ 

= (-hjeVio - h 16 xly w - g 24 x 8 y 10 + a: 8 2/26) 2/26^4 

+{hl 6 h 18 y 22 - h 16 h 2 l8 x 20 + hl 6 y 2 2X 8 y w + h 16 y 2 2xly w )x 4 

+ (924y22X 2 8 yi + x 20 y 26 )x 4 + (h 2 16 y 22 - h w h 18 x 20 y 22 + h 2 18 x 2 20 - yl 2 xj). 

For a while, we denote by A the algebra generated by the thirteen elements 

{x 4 , x 8 , y 10 , x 20 , y 22 , y 26 , x 36 , rr 48 , x 54 , x 58 , y 60 , y 64 , y 7 e}- 

Our aim is to prove that A = H n M = H*(BT; Z 3 ) wiEe) . 

We put C = Z 3 [x 4 , x 8 ,y 10 ]{l,x 20 ,xl , y 22 , y 22 ,x 20 y 22 ,y 58 ,y 6 o, 2/7e} © Z 3 [x 8 , 2/10K2/26, 2/L 
^2o2/26; 2/222/26, 2/64}, where it is considered as a formal one. Then we define a Z 3 -linear 
map a : C <g> Z 3 [x 36 , x 48 , x 54 ] ->■ A by a{x I ^ i <g> y J ) = x I y 3 ^ i , where z J G Z 3 [z 4 , x 8 , 2/10], 
t/ J G Z 3 [x 36 ,a;4 8 ,X54] and 7; is an element of {1, x 20 , x| , j/22, 2/I 2 , x 20 y 22 , y 58 , y 60 , y 76 } and 

{2/26, 2/26, ^202/26, 2/222/26, 2/64}- 

Proposition 4.7. er : C <g) Z 3 [x 36 , x 48 , x 54 ] — >■ A is an isomorphism as a Z 3 -linear map. 
Hence its Poincare polynomial PS is given by 

PS(A) - 9 ® 



(1 - t 4 )(l - t 8 )(l - t 10 )(l - t 36 )(l - t 48 )(l - t 54 ) ' 

Where 9 {t) = l + t 2 + t 22 +t 2 6_t30 +t 40 +t 42 +t 44 + t 46 +t 48_ t 50_ t 56 +t 58 +t 60 + t 64_ t 68 +t 76_ 

To prove the proposition, we prepare some lemmas 
Lemma 4.8. o is injective. 
Proof. We will show that the elements 

^ 4 n ^ A u A 2 x 20 , A 3 xl Q , A 4 y 22 , A 5 y% 2 , A 6 x 20 y 22 , A 7 y 58 , A 8 y 6Q , A 9 y 76 , 

Biy 26 , B 2 yj 6 , B 3 x 20 y26, B 4 y 22 y26, B 5 y 64 

are linearly independent over Z 3 , where Ai is a monomial of x 4 , x 8 , y±o, x 3 q, x 48 , x$ 4 and 
Bi a monomial of x 8 , y±o, x 3 q, x 48 , X54. 

To show it, we introduce a filtration to H = Z 3 [t, x 4 , x 8 , y w , hi 2 , hi 6 ]. We define a weight 
w by 

w(t) = w(h l2 ) = w(hie) = 0, w(x 4 ) = 1, w(x 8 ) = 2, w(y w ) = 3. 

For a monomial of H, we define the weight by w{x l 4 x % 8 y^t 1 4 h % ^ 2 h 1 ^ = iiw(x 4 ) + i 2 w(x 8 ) + 
i 3 w(yio). For an element x = XiXi E H (A* G Z 3 ), where is a monomial, we define 
that u>(x) = inf Then we introduce in H by setting 

i 

F P H = {x G H I u>(x) > p}. 
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Since F p+l H is an ideal of F P H {jp > 0), the associated graded module grH 
is an algebra. In grH, we have 

V22 = -x 4 h 18 , (h 18 = t 9 -t 3 h 12 + th w ,) 

( 4 - 12 ) 2/26 = £8^-18, 

£36 = hf 2 , a; 48 = ^i6> x 54 = hl 8 , 

2/58 — ^4^16^18; 2/64 = ^4^8^16^18! 2/60 = ^4^16^18' 2/76 = ^4^16^18' 

For simplicity we denote Z 3 [x 4 , x 8 , j/i , x 36 , x 48 , x 54 ] by S 1 and Z 3 [x 8 , j/i , £ 36 , £ 48 , £54] by T. 
Let 

|gjm ; 741 + ^ 2X2 + ^-3^1 + A 4 2/22 + ^52/22 + A 6 2202/22 + A 7 y 58 + ^82/60 + A 9 y 76 

+#i2/26 + ^22/26 + B 3 x 20 y 26 + B 4 y 22 y 26 + B 5 y 64 

equal to zero. Then we see that Ai + A' 2 h 16 + A'^hj 6 + A' 4 hi 8 + A'^hj 8 + AQh 16 hi 8 + A"hj 6 h 18 + 
A' 8 % 16 h 2 18 + Aghj 6 hj 8 + B x h 18 + 5 2 /i? 8 + B' 3 h w h 18 + S£/i? 8 + B' 5 h 16 h 2 18 = 0, where A; G 5, 
A- = x 4 y4j G a^S 1 , A-' = x|Aj G a^S and I?;, i?i = x 8 B 1 , B 2 = x\B 2 G T, £?■ = x 4 x 8 B { 
G £ 4 T. 

Noting /ii 8 = t 9 — t 3 /ii2 + thie in griJ, the elements 24, £ 8 , j/10, /ii2, h w , h\ 8 are alge- 
braically independent over Z 3 . So we obtain A\ = A 2 = A3 = A" = A 8 ' = at once. With 
the respect to the coefficients of hi 8 , we note the fact x^S fl T = {0} and get A' A = B\ = 0. 
We can prove that the other coefficients are zero in a very similar way. Hence we see that 
the elements indicated at (14.111) are linearly independent. □ 

Next we will prove that a is surjective. This part is the most crucial step in this section. 
Before proving it, we observe the following lemma by a tedious calculation. 

Lemma 4.9. There are relations in A: 

x 54 x 3 8 = x 48 yf - 2/Ie - vl& x lvw - y26xiyf , 

2/58^8 = -xi&xlvw + ^202/26 + x 20 y 22 x 3 8 + x 20 y 2e x 4 x 2 8 + V22X 4 x 5 8 + y 2 §x\x\, 

2/582/10 = 2/64^4 + £202/222/26 + y\ 2 x \, 

2/582/22 = -2/60^20 + 2/76^4 - x 20 y 22 xj, 

2/582/26 = £482/22^42/10 + 2/64£20 ~ ^202/222/26^8 ~ 2/1^8 ~ 2/222/26^4£s\ 

2/58 = — ^482/60^4 — a; 48 ::c 20 :r 42/l0 — a; 48 ::c 202/22 :E 4 — £48 a; 20 a; 4 :r 82/l0 + 2/76^20 

- £| 2/222/26£8 + £202/26^4 ~ x Iq X ^ X IViQ ~ ^202/22^8 + ^O^^G^I 

+ ,-->-» 2 ^,2^,6^,2 ,y» 2 ~ .2 ,-v, 2 2 
x 20 x 4 x 8yi0 X 20i/26 U/ 4 X 8' 

2/582/60 = -£ 4 8^54£4 ~ ^482/1^4 ~ £482/22^4^82/10 + ^482/22^82/w 

+ £482/222/26£ 4 ! 2/io - £482/26£l£82/io + £54£ 2 i o a; 4 + x^x\qx\x\ - y 7e x 20 y 22 

- xl y 22 y^ 6 x 4 - x 20 y 22 y 26 x 4 xl + x 20 y 26 xlx 8 - y 22 x 4 x 6 8 + y\ 2 x\x\y X Q 

~ 2/122/26^4^8 - 2/222/26^1^12/10 + 2/222/1^4^8 + Vl^AAv^ + V26 X t X l , 
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2/582/64 = x 48 x 5A x 3 4 x 8 + x A% yl 2 x % - x 48 yl 2 y 2 &x 4 - x m y 2 2x\x\y\ {) 

+ ^482/222/26^82/10 + X b4 x\ X 8 + X 54 X 2 20 X 4 X 3 8 - xl y 22 y^X 8 
~ ^202/122/26^8 + V22 X l + y^^lVW + yhV^XiXl + y22y2&x\xly Wj 
2/582/76 = X A gX bA X2Qx\ - X 4 82/602/22£4 + X48X202/22 + ^482/22^4^82/10 
+ a; 482/222/26 a; 4 a: 82/l0 + ^54^20 + X 54 X 20 X 4 X 8 + X^x\ Q X A X % 

+ ^2o2/222/26^| - a;^ 2/222/l 6 a; 4a;8 ~ ^2o2/| 2 ^l + ^2o2/l 2 2/26a:4a:8 

- ^202/222/16^4^8 - V22 X 4 X S + yhV26 X l X l ~ V^vl&AA^ 
2/60^8 = 2/64^4 - ^202/222/26 + j44 

2/602/10 = a^a^s + vh^Vio ~ 2/l 2 2/26 + 2/222/252: ^Ij/io ~ 2/22^4^82/10, 

2/602/26 = -2/642/22 + a^^O^S + 2/12^82/10 + y22y26X4X 3 8 y 10 - y22yi 6 X4Xs, 

2/eo = ^482/12^42/10 - ^482/22a:ia;82/?o + ^542/58^4 + ^54^202/22^4 - £54£2o2/22£ 4 : 2;8 ; 

+ 2/762/l 2 + x 2 oyhy26X8 - x 20 y% 2 y% 6 x 4 - y\ 2 x\ - y 3 22 x 4 x\y w + y\ 2 y2§x 4 x\ 

+ yl2 X l X tylo + 2/222/262^82/10 + S^le^lS/lO + 2/222/16^4^8, 

2/602/64 = -3:48X54X^10 - x 48 y% 2 y w - x 48 y% 2 y 10 - x 48 y% 2 x 4 x 8 y 2 + x isy22 x l x lyf 

3 3 2 2 2 2 

- X 48 y26 x 4 X 8 y 10 — x 54 X 2Q y 22 X 8 + X^ 4 X 2Q y 2 QX 4 + ^54^202/26 a; 4 a: 8 

+ 2/12^82/10 - 2/222/26^8 + y22 x i x ly 2 io ~ yhy26X 4 xly 10 - y 2 2y26X 2 4 xlyl 

- 2/222/16^4^82/10 - 2/222/| 6 a; 4 a; 8 + 2/26^4^s2/l0 + 2/26^4^1^10 + 2/26^4^8, 

2/602/76 = -x 48 x 54 y 22 x 3 4 - x 48 y\ 2 - x 48 y% 2 x 4 x 8 y 10 + a^l^e^io 

+ x 48 y22y26X 3 4 x 8 yf + x 54 y 58 x 20 x 4 - x 54 xl y 2 2 - x\^y\ 2 y\^ - aj2o2/f 2 2/26£8 

+ ^202/122/26^4^1 - £202/222/16^4^8 ~ 2/22^8 ~ J&^Ij/lO + 2/122/26^1^12/10 

- 2/222/l 6 ^i^i2/lO - 2/222/16^8' 

2/64^8 = -x 48 x 4 yf + £2o2/! 6 + 2/22^82/10 - 2/222/26^1 + y26X 4 xjy 10 + y\ % x 4 x\, 
2/642/10 = a^a^l + 2/2 2 a;|2/?o ~ 2/222/26^|2/i + 2/222/le, 

2/642/26 = £482/222/?0 + ^M^O^i + 2/222/16^8 » 

2/| 4 = xl 8 y% 6 xlyl - x 48 x 54 x 2 4 x 8 y w + x 48 yl 2 y 2fi yw + x 48 y 2 2X 4 x 3 8 yf 

- x 48 y 2 2y26X 4 x 8 yf - x 48 y 2 6X 2 4 xlyf + x 54 xl y 26 x 8 

+ x2 y$QX A + y 22 xly 2 + 2/! 2 2/26£82/io - yhyl^t - y22y26 x 4 x lyf 
+ y\§ x \ x %y\§ ~ y\§ x \ x \y\§ — y2§ x \ x \-> 

2/642/76 = £48£542/22£la;8 ~ £48£542/26£ 4 ! + £482/122/26 ~ X 48 y\ 2 X 4 X%y\^ 

- ^482/222/26^1a;|2/?0 - ^482/222/16^42/10 ~ ^482/| 6 a; 4 a: 82/fo + ^54^| 2/26 
+ X h4 x\ Q y 2% X 4 x\ + ^202/222/le - X 20yi 2 y26 X l + X 20y22yh x 4 x l 

+ x 2oyl 6 x 2 4 x 8 - y 22 x 8 8 y w + yl 2 y2&x% - y 22 y26X 4 x 7 8 y 10 - y 2 22 y 2 2 §x 4 x\ 

+ 2/222/16^82/10 - 2/222/16^4^8 + 2/26 a; 4 a; 82/l0 + vt& x l x % 
y W X 8 = -X 48 2/22^42/10 + 2/64^20 + £202/222/26£l + y 2 22 X \ + 2/222/26£4£s, 
2/762/10 = £ 5 4£20£4£8 + 2/642/22 + 2/12^82/10 + 2/I 2 2/26^| + 2/222/26^4^12/10 

- 2/222/16^4^8, 
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2/762/26 = x 48 yl 2 y w + x b4 x 2 2Q x 8 - £202/222/26^8 + 2/I 2 2/26^| + ^J/fe 2 ^!, 
Vre = x 48 x 54 x 20 y22X 2 4 + x^VeoVzi + x 54 y 58 xl + x b4 x\ Q y 22 xl + x 2 w yl 2 yl Q x\ 
+ x 2 Qyl 2 y2&xl + x 2 oyl 2 yl % x 4 x\ + - yl 2 y 2 &x 4 x\ + y^Vx^l 

To prove Proposition 14. 7[ we calculate the Poincare polynomial of A. From Lemmas 14.81 
and 14.91 we have 

PS(A) = PS(C®Z 3 [x m ,x 48 ,x 5i \) = PS(C) ■ PS(Z 3 [x 36 ,x 48 ,x 54 \). 

Let A{s} be a free A-module with the set of generators S. Then we have PS(A{s}) = 
PS(A)PS({s}). Using this formula, we have 

ps ^ = l + t 20 + t 40 + t 22 + t 44 + t 42 + t 58 + t 60 + t 76 + t 26 + t 52 + t 48 + t 46 + t 64 



(1 -t 4 )(l -t 8 )(l -t 10 ) (1 - t 8 )(l - t 10 ) 

We obtain the Poincare polynomial of A by a direct calculation. 

Lemma 4.10. a is surjective. 



Proof. The result of Lemma 14.91 claims that Im a is an algebra. From the definition, A is 
the minimal algebra of which contains the generators x 4 , x 8 , yxo, x 2 o, 2/22, 2/26, ^36, x 48 , X54, 
2/58, 2/60, 2/64, 2/76- It means that A clma. But Ima C A in obvious. So we obtain that a 
is surjective. □ 

Proposition 4.11. We have the following presentation of A. 

A = (z 3 [x 4 ,x 8 ,yi ]{l,x 20 ,xl , y 26 , y| 6 , x 20 y 26 , y 58 , y 64 , y 76 } 

© Z 3 [x 8 , y w ] {y 22 , yfj , X202/22 , 2/222/26 , 2/60 } ) ® ^3 [^36 , ^48 , ^54] • 



Proof. We show that the elements shown at the proposition are linear independent. To do 
this, we introduce a filtration into H = Z 3 [t, x 4 , x 8 , y w , hi 2 , /i 16 ]. We define a weight v by 
f (i) = 1, v (x 4 ) = +00, v(x 8 ) = 6, f (2/10) = 7, v{hi 2 ) = v(hi 6 ) = 9. Then we can define 
a filtration to as defined in the proof of Lemma 14.81 It is immediate from the definition 
that at grH we have 

X 2 = X 8 h i2 , 2/22 = 2/10^12, 2/26 = ^8^18, 

( 4 - 13 ) 2/58 = xjh 2 2 h 18 , y m = x 8 y 10 h 2 2 h 18 , y %4 = xjh 12 h 2 18 , y 76 = x 8 x 2 4 h 2 12 h 2 18 , 

x 36 = h\ 2 , X 48 = /lf 6 , £54 = /lf 8 . 

As is Lemma 14.81 shown, we can show that the monomials in the above presentation are 
linearly independent. 

We calculate the Poincare polynomial of the presentation. It is given by 

1 + £20 + ^40 + t 22 + ^44 + ^42 + ^58 + ^60 + ^76 ^26 + ^52 + ^48 + ^46 + ^64 



;i - t 4 )(i - t s )(i - 1 10 ) (1 - t s )(i - 1 10 ) 

1 



(i-t 36 )(i-t 4s )(i-t 54 ) ' 

We see that it coinsides with that of A. Hence we have completed the proof. □ 
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Lemma 4.12. Let 

Z 3 [x 4 ,x 3(n x A8n x 5A ] <g> {Z 3 [x 8 ,y w }{(ri | 1 < i < 9} © Z 3 [y w }{f3j | 1 < j < 5}} 
be the presentation shown at Proposition 3.11. If we assume that 

9 5 

/i • 5^ + X] /?' " SjPj = mod ^4Z 3 [t, x 4 , x 8 , y 10 , h 12 , h 16 ), 
»=i j=i 

wiiere G Z 3 [x 4 , x 36 , x 48 , a; 54 ], g% G Z 3 [x 8 ?2/io], & G Z 3 [y 10 ], then / A = mod x 4 Z 3 [t, 

^4, ar 8 , l/io, ^12, /lie] iolds for A = i, j. 

Proof of Lemma I4.12L It is sufficient that we prove the statement in QrH. Hence 
it is enough to prove that 

9 5 

Y 9i ( x »> + 9j(Vio)Pj = mod x 4 grH 

i=l j=l 

implies g i = g j = Q. 

From f)4.13p . all the and /3j contain no the x 4 -factor. Then we can prove the statement 
in a similar way to the first part of Proposition 14.111 

Theorem 4.13. (1) H*(BT; Z 3 ) w ( E(i ^ is generated by the thirteen elements 

x Ai ^8? 2/10; ^20? 2/22, 2/26 5 ^36? ^48? ^54? 2/58? 2/60? 2/64? 2/76? 

where these elements are defined from (14.51) to (I4.10p . 
(2) The relations are given at Lemma [4.91 

Proof. From Theorem 14.61 we have 

H*(BT; Z 3 ) w{E(i) = H n M, 

where if = Z 3 [t,x^x 8 ,yw,h 12 ,h 16 }, M = Z 3 [x 4 , x 4 *] [x 8 , j/i , x 20 , 2/22? z 3 e]- Let A be an 
algebra generated by x 4 , . . . , y^%. Then Z 3 [x 4 , xj 1 ] ® A contains M. Hence it is enough 

Z3 [xa] 

to prove that H n I Z 3 [ x l <g> A = A. 

V Z 3 [x 4 ] / 

In other word, when we use the presentation given at Proposition 14.111 it is sufficient to 
show that 

9 5 

Y ft ' 9i( x h 2/io)°i + Y & ' 9j(Vw)Pj = mod x 4#, 
i=i i=i 

fi, fj G Z 3 [a; 4 , x 3 6, x 48 , X54] implies f\ = mod X4H for all A = i, j. 

It is just the same as the statement of Lemma 14.121 Hence we have completed the 
proof. □ 
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5. Appendix 

From now on, coefficients will be in Z 3 throughout the calculation. 
Denote by c { and p i the elementary symmetric functions on {t^ and respectively. 
Then we have 

(5.1) c 2 = Pl - c \, 

c 4 = -P 2 + c l + c lPl + c l c 3+Pl> 

2 

C 3 C 5 — Pi~ c ii 

4 = P 3 + C 1 + c l c 3 - C lP2 ~ c l c sPl + c l c 5 - Pi + P\P2- 

The first six W(.E 6 )-mvariant elements x A , x 8 , y 10 , x 2Q , y 22 and y 26 are easily found as 
is in Section 1: 



(5.2) x i =p 1 , 



x 8 =P2- Pi, 

Vio = c 5 - x 8 t - x 4 t 3 , 

^20 = ^12 X 8 ^16 X 4i 

V22 = hnUio ~ ^i8 x 4? 
2/26 = ^iqViq + hl8 X 8i 



where 



1 



(5.3) h X2 = P 3 + y 10 t - x 8 t 2 - x A t 4 
he = Pa + Viot 3 - x s t 4 - x 4 t 6 , 

h±8 ~ ^(^16 *^s) ^ ( ^12 X 4 X 8) ^ ^8 ^ X A ^ ' 

Observe that there holds the following relation: 

(5.4) - x 20 y 10 + y 22 x 8 + y 26 x A = 0. 

Calculation of is carried out as follows. 

Put w\ — t — c x and Wi = t + c x — for 2 < i < 6. The set 

S = {w l + Wj, ^-Wi, - c x - w { ; i < j} 

is invariant as a set under the action of W(E 6 ) (see |TWj ) . Therefore the elementary 
symmetric functions a'j on S are invariant under the action of W(E 6 ). 
Put 

P = i + f>/ = n (i + y) 

(5.5) i=i f £S 

= n (l+^+^o n (l+^-wj) n (l-^-™,.). 

l<i<j'<6 l<j<6 l<i<6 

(We shall rewrite P as far as possible in terms of the six invariant elements in (15. 2p .) 
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P is expressed by t and c/s and has 2600 terms. We replace c 2 , c 4 , c 5 , c 3 and c 3 y 10 in P 
by the following relations: 



(5.6) c 2 = - q + x 4 , 



C4 -|- C-^Cg -|- CyC t± 3?g, 

c 5 = 2/l0 "I" "^S^ "I" 3 '4^ ) 

, . 2/42 3 22 

(5.7) C 3 — 12 ~~ ^ "I - ^ *^8 ^2/l0 ^4^8 "I - ^ ^4^^ ~~ l~~ tXgC-^ X^C-^ 

2 6 3 

— x 4 c 1 c 3 — x 8 c 1 + y 10 Ci + c x + c x c 3 , 

(5.8) ^VlO = ^16 "I - ^ *^4 "I - ^ *^8 ^ ^10 *^8 ^ ^4^1 ^ *^4^l 

3 223 2 1, 2 2 

t^- X ^Cr^ t^- *^8^1 vXqC*^ tx gC 3 — r - 12^1 ~~ *^4*^-'g^-'^ 

+X 4 C 1 — X 4 C 1 C 3 — Xg^Cg — + C 1 

and we see that all c 3 's are cancelled. 

We use two more relations to eliminate q's. 

Replacing c| in the equality c|t/i — c 3 • c 3 y 10 = 0, we get a relation: 



(5.9) 

^16^3 = ^ ^4 ^ ^4 ^ "^8 ^ ^10 ^ ^4^8 

+ t 3 h 12 x A + t 3 h 16 + t 3 X^Xq 
-\~tx ^Xg ^V\o ^12^10 ^4*^8^10 ^ ^4^1 "I - ^ ^4^1 "I - ^ ^4^3 "I - ^ ^4^1 "I - ^ 

^ X^C-^ X^XqC-^ ^ X^C-^ ^4^-'^^'3 ~~ l~~ ^ ^8^1 ~~ ^ "^8^3 ^ ^10^1 ^ ^'12^'l 

^ X^C-^ i X^C-^ ~\~ t X ^X gC-^ t ^4^-'^'-'3 ~~ l~~ t ^8^1 ^ "^8^'1^'3 ~~ ^~ ^ ^1 ^ X^XgC-^ 

t ^8^1 ^ *^8^1 ^ ^8^1^3 ^ ^10^1 ~~ ^^12 ^1 ^^16^1 tx ^X gC-^ ~\~ tx ^XgC-^ 

~~\~t>X -^qC-^ tX^C-^ ~\~ tx^C-^C^ ~\~ tx gC-^ — r - ^^8^10^'l tx^c-^ ~\~ tx^c-^c^ tc^ 

^12^4^1 "I - ^12^8^1 ^12^1 "I - ^12^1^3 h^X^C^ ^16^1 ^4^1 X^XgC^ 

99979 9 4 Q fi 

J/ 4i/l0 L l J '4 ( ^i J'4»''g'^i T J'4*t'g'^i Jy 4' t '8 1 3 J '4i/10 1 \ • h A~V^'i 

+XgC 3 + XgCj 7 — 2JgC^C 3 + y^Q^ — UiqC\ — Cp — C^Cg. 

Making use of rewriting c 3 , c 3 y w and c 3 /i 16 , the equality c\y\ — {c 3 y 10 } 2 = gives rise 
to the following relation. 



(5.10) 

c\® = t^x^ + t^x 3 ^ + t^^X4Xg t^x^y^Q t^x'g -\- t^x^yiQ t' x^y^ + t^h^x^ 

^4^g t ^4^g ^ VlQ ^ X^X^y^Q t /i-^2^4^g ~t~ t ^16^8 

— t^x\x\ — t A x A yf — t 3 h l2 x 4 yiQ — t 3 h ie y l0 — t 3 x 4 x s y l0 — t 3 a;gt/ 10 + t 2 h l2 %g 
+ t 2 a; 4 a;| — t 2 x 8 yf — th 12 x s y 10 — tx 4 Xg|/ 1 g — tyf + h 12 yf — hf 6 — h ie Xg 

I ,y /J/2 /V»4 J-10^y>2^ 1 2 J-8^>2^,4 I 8 ,-y. ,y. -^2 „ „2 -LQ~L ,y, ^2 

~T J/ 4 J '8"lO 8 ^4^1 ^ ^4^1 ~r ^ a^XgL,^ ^4yio 1 iiy^^^X 
_ +6 A r ;2 /6, r 3 r ,4 I y-6, r 2 2 i /6, 7 ,2 i y-6 , 7 , , 7 . ^4 i y-6 , 7 . r .8 y-6, 7 .2 2 
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t ^4^/10^1 ^ ^S^lO^l ^ ^ / 12^'4^'l ^ ^ / 12*^'8^'l ^ h^^CC 4^-^ — I - /• 37^_37gC-^ 

t4^y,3,-i6 I j- 4 ™ 2 ™ ^4 I j-4^2^,8 i j-4^ ^2^,2 j-4™ ™ ^,6 j.4^ ^10 i j-4^ ^,8 
X^L^ "I - t' <x- /j^ J. g L- r~ X^C--^ r~ t< XgC--^ t- 1,0 /j_ J. g C o X^C^ "I - k XgC--^ 

t4,i,2 ^2 j-3 L ™ ,7 . ^ 1 y-3 L ^, ,-i2 j-Sl-* ™ 2 „ 1 j-3^,4^5 j.3^3™, «3 
y^QCj t- / t'^2 i ^'4*^'g ( -'^ — r~ ^ ^12y 10 1 16 41 41 x-^x-gc--^ 

+ 4-3^.3™. ^2 I j- 3 ™ 3 7 1 4-3^2^, ^5 1 j-3^2^. ^4 4- 3 ™ ^,2^3 "/■■^t* *y 01 /~*^ 
v *^4yi0 1 "t" ^ 4 1 \ l> x^XgC ^ n - t ^4yio 1 4 8 1 4 8^10 1 

+ t^x^XgCj + t^X^-j^C-^ — t^X^y^c\ + i 3 ^g^lO C l ^ 3 ?/lO C l ~^ ^ ^12^8 C 1 

t2 ^2 j-2^y,2^,2^2 4-2^,2^, .^6 4-2™ ~,2„4 I 4-2™ ~, ^8 I j-2^,2^6 4-2™ .-,10 

16 81 4 8 1 x ^ x g l ^ o x ^ x g c ^ r~ l- x ^ x g c ^ r~ o xgc-j^ o xgo-^ 

~~ ^ 2 ?/lO C l — ^12^8 C 1 ~~ ^12?/lO C l — ^16^4*^8 C 1 ^16?/lO C l £#4#gCi 

■/■^y»2 ^y,2 ^-)3 I -j- ry^ 1 ry rt i Z" 1 ^ I ry^ ry f*' I 7~ r t*^' 1 1 I ~\~ 'y ry^ I ~f~'~y If 11 f~^~ 

i^x^xgc^ ~t~ ^x^xgiy ~~ T~ ''•X^'^g^i ~~ r~ *^4i/]^o 1 t-x^xgc^ "i - ^ x 4 x g y ^ q c- 

— tX 4 l/iQCi — tXgCf + tXgC[ + tXgT/igCj — tXgT/^^QC^ + t^gc]; — h\ 2 c\ — ^ i 12^'16 C l 

— /i 12 x|c^ — h^x^Xgcf + /i 12 x 4 cf — h 12 XgC± — h^XgUioCi — h^x^c® — h^Ci 

" , 16 X 4 C 1 "'16 x 4yiO c l " - 16 J '4 C 1 ~r " , 16 J '8 C 1 ~r "'16 t 'l X 4 C 1 ~r X 4 X 8 C 1 ' x 4yiO c l 

/y>3»-il0 ,-y> 2 ^ , /^>3 y">2 I ^yi 2 ^ , ---,7 I ^yi /y>3 /->2 I ,y-» ,y-» ^ ■ /")'5 ,-y» /-J 1 4 I /-y>3»-i4 

J -4 C 1 x 4 x 8yiO c l x 4i/lO c l ~r x 4i/l0 c l ~r X 4 X 8 C 1 ~r x 4 x 8ylO c l • i 4 ( -l -^S ! 

Observe that there is no c 3 in f)5.10p . 

Making use of fl5.10p . we find that C\ is cancelled out and P G Z 3 [t, x 4 , x 8 , y 1Q , h 12 , h 16 \. 
The highest degree of t is 27. 

From (15.31) and (15. 4p the following rewriting rules are of use. 

fS.lll ij — ^18 ^ ^4 ^ ^8 ^ ^12 ^ *^4^8 ^^16 ~~ ^^8' 

( 5 - 12 ) ^18^8 = - ^162/10 + %6> 

^-18 X 4 = ^12?/l0 _ ^22' 

^16 a '4 = — ^12 X 8 -^20' 

^26 X 4 = X 20?/l0 — V22 X 8i 

and, in case of need 

^18 X 20 = ^121/26 — ^162/22 

Now we decompose P by degree and see that <r^ for j = 18, 24, 27 are not expressed by 

x 4i X 8: VlOi X 20i V22 anC ^ 2/26- 
r 18 



The element o"f s is now as follows. 



(5.13) 



aS ,-\ 1 2 ,-y-, ,-y-, fv»2 q, ,y> ^, ^, /i, 3 , >^ 3 I rr*^i ry* r> /2 I ,-yi m 4 ^^,2,1,2 

18 — X 20 X 4 X 8 x 20 x 8 y22 x 4i/l0 4/26^10 X 4 X 8 x 4 x 8yl0 X 4 X 8 x 8yl0 

?7 3 I Z-) 2 ,7-1 ,71 I /-) />' /7 ■ /-) rr>^ ry^ T* I ' <7^ 3 q , J-6 ^y,6 I "/"^ ry 

12 ~~ ~ 12 4 8 ~~ 12 20 4 12 4 8 - t/ 4- t 'g ~~ r~ ^ *^'4i/l0 ^4 ~~ r ^ 

+ 4-^ ryd ry +4^,3^,2 I 4-3 l-> ^,2^. J-3^. ^v»2 I "/"^ <? / -V- 3 3 ,y ! 

b x 4 Xg 6 x 4 Xg T l "'12 EX/ 4yiO i/22 x 4 ' 6 a/ 4yio x 4 a/ 8yio 

I 2 ,71 3 ^2^3/1,2 ~t~Q I <7i3 -j- ry^- ry rt 1 

T L J<20 x 4 fc x 4i/l0 t i/22 J '4 t - / '4- x '8yi0- 

ct the terms with t in af 8 and we put 

(^24 — t "I - t Uiq t x^ -\- 1 x^Xg -\- 1 x^Xg t Xg -|- 1 h^g -\- 1 x^y^Q t x^y^Q 



+ t 2 x 2 Q t 2 yf ty 22 ^ a; 4 a '82/io 
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then define 

X 36 = — Q 2 /±x\ ^12 — ^12 x 4 a '8 — h 12 X 2Q X 4 ^l2 X \ X \i 

(5.14) x 48 = 9 2 a x I + h w + h w x l + h i& x i 

X 5A — — fl , 24?/l0 + ^18 ~~ ^16^18?/l0 ^lS^S^lO + ^IS^DlQ- 

The elementary symmetric functions on 5 are calculated as follows: 
for 1 < i < 5 and i = 7, 10, 11, 13, 19, 

Q 

rr* tJ <"y» ly* 

4 X /|_ J-'g , 

2 2 
X 4 Xg Xg, 

2 

— x aVw ~ X 8Vl0i 

x 20 x 4 ~r x 4 X 4 X 8 ~r x 4i/l0 x 8> 

/>"■ ( r Y*^' />• ~\ /■>"■ 5 ,->-i />>3 ,y»2 ^,2^,2 I /■>-* /i >2 

x 2 qV x 4 X 8J X 4 X 8 X 4 X 8 42/10 82/10' 

x 2o2/io + V22^\ X \ + ^s) — x \Vm + ^^ifio ~~ 2/l0' 

/■>•» / >t 3 1 <^»3 / i,2 

x 20 x 4 "T x 42/lO' 

• r 20 a '4l/l0 2/22 (-^l — ^M 3 ^) — 2/26 x 8 
9 9 ^ ^ 

x 36 X 20 X 4 X 8 x 20 x 8 x 4 Xg 

+x 4 x\ + x\x%y\ Q — Xgyf — x 4 y 10 y 22 — 2/io2/26> 

/ y» 2 I /->-» /->-* /->-» 2 I ^y»2 /y»4 I ,-y»5 /} /2 ,-y» r f^' O 11^ 

x 20 ~r X 20 X 4 X 8 T X 4 X 8 ~r x 8 x 202/10 X 4 X 82/10 2/10' 

x 2 oX 4 a:g?/ 10 + £42/10 + x 4 x 8 ?/^g — x 20 y 22 ~ x A x\y 22 + yf y 22 + #82/26' 

2 3 2 3 2 

— x 4 x 8 ?/ 10 — x 8 y 10 + x 20 y 26 — y\Qy 2 Q, 

^48 ~ X 2Q X %VlQ + a '4 ;r 8^10 ~~ x 1lll0 + ^^lO + 2/222/26' 

~ x 2§y\§ + 2/10 > 

4 2 4 3 2 2 

— x 8l/l0 + a; 4 ;r 82/l0 + 2/lo2/22 — x %V\qV2^ ~ 2/26' 

— X54. 

Note that the elements x 4 , x s , y 10 , x 20 , y 22 , y 26 , x 36 , x A8 and also found in 

Section 3 by making use of Galois theory. 
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